Non-locality in Quantum Field Theory due to General Relativity by Calmet, Xavier et al.
ar
X
iv
:1
50
5.
04
51
7v
2 
 [h
ep
-th
]  
12
 A
ug
 20
15
Non-locality in Quantum Field Theory due to General
Relativity
Xavier Calmet1, Djuna Croon2 and Christopher Fritz3
Physics & Astronomy, University of Sussex, Falmer, Brighton, BN1 9QH, United Kingdom
Abstract
We show that General Relativity coupled to a quantum field theory generically leads
to non-local effects in the matter sector. These non-local effects can be described by
non-local higher dimensional operators which remarkably have an approximate shift
symmetry. When applied to inflationary models, our results imply that small non-
Gaussianities are a generic feature of models based on General Relativity coupled to
matter fields. However, these effects are too small to be observable in the Cosmic
Microwave Background.
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1 Introduction
A century after the introduction of General Relativity by Einstein, finding a quantum me-
chanical description of General Relativity remains one of the holy grails of theoretical physics
and one of the few unresolved problems in modern physics. At this stage of our understand-
ing of nature, it is not clear whether the quantization of General Relativity is so difficult
because of technical issues, essentially having to deal with a dimensionful coupling constant
which is the Planck mass or whether General Relativity or Quantum Mechanics need to
be modified at very short distances. Given the current state of the art, it is important
to investigate General Relativity and Quantum Mechanics in the energy region where we
expect them to work, i.e., below the Planck mass MP = 1/
√
GN . The concept of effective
field theory provides a very powerful framework to investigate the quantization of General
Relativity in this energy regime, i.e. below the Planck mass. Effective field theory methods
are a powerful tools to deal with quantum gravity below the Planck mass [1–7].
An important question is to identify the energy scale at which the effective theory might
break down. A well established criterion is that of perturbative unitarity. Treating General
Relativity as an effective field theory, several groups have investigated the gravitational
scattering of fields studying whether perturbative unitarity could be violated below the
Planck scale [7–13]. It was shown in [9] that in linearized General Relativity with a Minkowski
background perturbative unitarity is restored by resumming an infinite series of matter loops
on a graviton line in the large N limit, where N = Ns + 3Nf + 12NV (Ns, Nf and NV are
respectively the number of real scalar fields, fermions and spin 1 fields in the model), while
keeping NGN small. This large N resummation leads to resummed graviton propagator
given by
iDαβ,µν(q2) =
i
(
LαµLβν + LανLβµ − LαβLµν)
2q2
(
1− NGN q2
120π
log
(
− q2
µ2
)) (1)
with Lµν(q) = ηµν− qµqν/q2, N = Ns+3Nf +12NV . A similar calculation has been done by
the authors of [8] who have pointed out that the denominator of this resummed propagator
has a pair of complex poles which lead to acausal effects (see also [14,15] for earlier work in
the same direction and where essentially the same conclusion was reached). These acausal
effects should become appreciable at energies near (GNN)
−1/2. Thus, unitarity is restored
but at the price of non-causality. We shall see that causality can be restored as well by
replacing the log term by an interpolating non-local function. However, this procedure does
not remove the poles which can be interpreted as black hole precursors [16] and correspond
to the energy scale at which strong gravitational effects become important and thus the
energy scale at which the effective field theory treatment of General Relativity should break
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down. Note that this scale depends on the number of fields in the theory. Studying quantum
effects in General Relativity in the large N limit is not new and has been considered as well
by e.g. Smolin [17] and Tomboulis [14, 15].
Thought experiments based on General Relativity and quantum mechanics [18–21] lead
to the conclusion that distances smaller than the Planck length are not observable. These
results can be interpreted as a form of non-locality around the Planck scale. The results
obtained in [16] are thus not very surprising. The position of the poles define the energy
scale at which the effective theory should break down and the nonlocal effects correspond to
the minimal length expected around the mass scale of the first quantum black holes which
are extended objects of the size of the inverse of the Planck mass.
The consequences of these non-local effects for the FLRW metric have been investigated
in [22]. The aim of the paper is derive an effective field theory for a scalar field, such as the
inflaton, coupled to General Relativity. We will show that this gives rise to some non-local
effects in the interactions of this scalar field. These results only assume linearized General
Relativity and quantum field theory and are as such non-speculative.
2 Effective theory and non-locality
The tree-level gravitational scattering of two scalars has been considered already [23]. The
invariant amplitude is given by
Atree = 16πG
(
m4
(
1
s
+
1
t
+
1
u
)
+
1
2s
(2m2 + t)(2m2 + u) (2)
+
1
2t
(2m2 + s)(2m2 + u) +
1
2u
(2m2 + s)(2m2 + t)
)
with s = −(p1+q1)2 = (p2+q2)2, t = −(p1−p2)2 = (q1−q2)2 and u = −(p1−q2)2 = (p2−q1)2.
Note that we are using the signature (+,−,−,−). It is straightforward to calculate the
dressed amplitude using the resummed graviton propagator (1). Let us rewrite
iDαβ,µν(q2) =
P αβ,µν(q2)
1 + f(q2)
, (3)
where P αβ,µν(q2) is the usual graviton propagator and where f(q2) is given by
f(q2) = −NGNq
2
120π
log
(
− q
2
µ2
)
. (4)
2
The dressed amplitude is then given by
Adressed = 16πG
(
m4
(
1
s(1 + f(s))
+
1
t(1 + f(t))
+
1
u(1 + f(u))
)
(5)
+
1
2s(1 + f(s))
(2m2 + t)(2m2 + u) +
1
2t(1 + f(t))
(2m2 + s)(2m2 + u)
+
1
2u(1 + f(u))
(2m2 + s)(2m2 + t)
)
.
We can now Taylor expand this amplitude around the massive pole of the dressed propagator
and obtain
Adressed = Atree + A
(1) + . . . (6)
with
A(1) =
2
15
G2NN
(
m4
(
log
(
−stu
µ6
))
(7)
+ log
(
− s
µ2
)
(2m2 + t)(2m2 + u) + log
(
− t
µ2
)
(2m2 + s)(2m2 + u)
+ log
(
− u
µ2
)
(2m2 + s)(2m2 + t)
)
.
It is easy to see that A(1) can be obtained from the following non-local dimension 8 effective
operator O8:
O8 =
2
15
G2NN
(
∂µφ(x)∂
µφ(x)−m2φ(x)2) log
(
−
µ2
)(
∂νφ(x)∂
νφ(x)−m2φ(x)2) , (8)
where  = gµν∂µ∂ν . We emphasize that this calculation is done in linearized General
Relativity with a Minkowski background.
We now need to impose causality on our effective operator. We follow the procedure
outlined in [25] and [22] to generate a causal action. This requires a reinterpretation of the
log-term which can be interpreted as an interpolating non-local function of the type L(x, y).
We consider the following action
S =
∫
d4x
√−g
(
1
16πGN
R(x)− 1
2
∂µφ(x)∂
νφ(x) +
m2
2
φ2(x) (9)
+
2
15
G2NN
((
∂µφ(x)∂
µφ(x)−m2φ(x)2) log
(
−
µ2
)(
∂νφ(x)∂
νφ(x)−m2φ(x)2)
))
,
where the log term is interpreted as an interpolating function
S =
∫
d4xd4y
√−g
(
1
16πGN
R− 1
2
∂µφ(x)∂
νφ(x) +
m2
2
φ2 (10)
+
(
2
15
G2NN
)
×
((
∂µφ(x)∂
µφ(x) +m2φ(x)2
) ∫
d4y
√
−g(y)〈x| log
(
−
µ2
)
|y〉 (∂νφ(y)∂νφ(y)−m2φ(y)2)
))
.
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Let us define the interpolating function by
L(x, y) = 〈x| log
(
−
µ2
)
|y〉. (11)
The specific form for L(x, y) depends on the system to which we want to apply this effective
theory. It is straightforward to find a specific representation for a flat Minkowski background.
One can use the following approximation valid for small ǫ: log(x) ≈ −1/ǫ+ xǫ/ǫ. One then
finds [25]:
− 〈x|1
ǫ
|y〉+ 〈x|(/µ
2)ǫ
ǫ
|y〉 = −1
ǫ
δ(x− y) + 1
ǫ
2π2
µ2ǫ
∫
d4kk2+2ǫ
1
|x− y|J1(k|x− y|)(12)
∼ −1
ǫ
δ(x− y)− 8π
2
µ2ǫ
1
|x− y|4+2ǫ ,
where J1 is the Bessel function. We see that that L(x, y) is a function of x− y. For a purely
time dependent problem in curved space-time (i.e. in cosmology), L(x, y) takes the form
L(t, t′) = −2 lim
ǫ→0
(
Θ(t− t′ − ǫ)
t− t′ + δ(t− t
′)(log(µǫ) + γ
)
, (13)
which is the appropriate form for the in-in formalism [22]. We use this representation in
the next section where we study the effects of this effective operator in the CMB. However,
remarkably, our calculations do not depend on the specific form of L(x, y), we shall merely
require that L(0, 0) = 1.
In this section, we have shown that the non-locality induced in the resummed graviton
propagator leads to non-locality in the self-interactions of a scalar field coupled to graviton.
The same would be true of any spin state as well. Non-locality is an intrinsic feature of a
quantum mechanical description of General Relativity as emphasized in the introduction.
Note that remarkably, the higher dimensional scalar field operator obtained by integrating
out the poles (quantum black holes) in the graviton propagator, are invariant under approx-
imative shift symmetry (φ → φ + c, where c is a constant) in the limit of the mass of the
scalar field going to zero. The breaking of this shift symmetry is proportional to the mass
of the scalar field. If we apply this construction to an inflation scenario as we shall do be-
low, this implies that any contribution to the flatness of the potential will be suppressed by
powers of ms/MP where ms is the inflaton mass which is of the order of 10
9 GeV. Quantum
gravitational effects arising from quantum black holes are thus small and cannot affect the
flatness of the potential. A potential for the scalar field may lead to breaking of the shift
symmetry, however one of our main points is that such a symmetry breaking will not be
generated by quantum effects in General Relativity if not introduced explicitly in the model.
We shall now consider non-local effects due to the dimension 8 operator introduced in this
section. We stress that this operator is an intrinsic feature of General Relativity and scalar
fields coupled to gravity.
4
3 Bounds from Cosmic Microwave Background
We can now study the implications of this non-local effect which is purely obtained by consid-
ering quantum field theory coupled to General Relativity. These effects will be imprinted on
the CMB as a deviation in the speed of sound. Focussing on O8, we consider the x-dependent
Lagrangian for a inflaton
L(x) = X +
m2
2
φ2(x) + (14)
+
8
15
G2NN
(
X(x) +
m2
2
φ2(x)
)∫
d4y
√
−g(y)L(x, y)
(
X(y) +
m2
2
φ2(y)
)
,
where we have introduced the standard notation X(x) = −1/2∂µφ(x)∂µφ(x) and X(y) =
−1/2∂µφ(y)∂µφ(y). The speed of sound can be calculated using the standard procedure [26]
since L(x) is a polynomial in X , keeping in mind that dX(y)/dX(x) = δ(y − x) and that
L(0, 0) = 1, we find
c2s =
L(x),X(x)
L(x),X(x) + 2X(x)L(x),X(x)X(x)
≈ 1− 32
15
X(x)G2NN (15)
which remarkably does not depend on the specific representation chosen for L(x, y) to leading
order in the
√
GN expansion. Restricting ourselves to a spatially homogeneous a scalar field
we get
cs ≈ 1− 8
15
φ˙2G2NN ≈ 1−
2
15π
H2ǫGNN, (16)
where H is the Hubble parameter, ǫ = 1/(16πGN)1/V
2(∂V (φ)/∂φ)2 is the slow roll pa-
rameter (the slow roll condition is that ǫ ≪ 1) and where we have used the approximation
X ≈ XL,X . Quantum effects in General Relativity thus lead to a speed of sound which
is not exactly one but close to it. This is a generic feature of General Relativity coupled
to matter. Small non-Gaussianities are expected to appear in models of inflation based on
General Relativity and quantum field theory even in inflationary models with just one scalar
field. However, these effects are too small to be observable since the speed of sound would
typically be close to unity.
Finally, we emphasize that while O8 leads to the leading contribution to deviations in
the speed of sound, graviton loop corrections to the scalar propagator may be present, they
will be imprinted differently in the Cosmic Microwave Background [27].
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4 Conclusion
In this paper we have shown that General Relativity coupled to scalar fields naturally leads
to non-local effects. This non-locality can be associated with the existence of black hole
precursors or quantum black holes [16]. We have shown that the amount of non-locality is
determined by the number of matter fields in the theory since it determines the location of
the poles in the resummed graviton propagator. General Relativity induces non-local effects
in the scalar field sector. These effects can be described in terms of an effective higher non-
local dimensional operator which remarkably has an approximate shift symmetry. When
applied to inflationary models, we have shown that these non-local effects lead to a small
non-Gaussianities in models of inflation involving a scalar field and General Relativity.
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